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DO PRICE AND VOLATILITY JUMP TOGETHER? 

By Jean Jacod and Viktor Todorov 

UPMC (Universite Paris-6) and Northwestern University 

We consider a process Xt, which is observed on a finite time in- 
terval [0,T], at discrete times 0, A n ,2A„, .... This process is an Ito 
semimartingale with stochastic volatility of. Assuming that X has 
jumps on [0, T] , we derive tests to decide whether the volatility pro- 
cess has jumps occurring simultaneously with the jumps of Xt- There 
are two different families of tests for the two possible null hypotheses 
(common jumps or disjoint jumps). They have a prescribed asymp- 
totic level as the mesh A„ goes to 0. We show on some simulations 
that these tests perform reasonably well even in the finite sample 
case, and we also put them in use on S&P 500 index data. 

1. Introduction. Financial asset prices have two well-documented salient 
features: their volatility changes over time and their trajectories can exhibit 
large discontinuities. Both features have nontrivial implications for risk mod- 
eling and management as the underlying asset itself is no longer sufficient 
to span all the available risks in it and derivatives (written on it) are typi- 
cally needed. Of central importance then becomes the relationship between 
the price jumps and volatility. For example, if the volatility is driven by a 
single (Markov) diffusion process, then one can separate the management of 
volatility and jump risks by using first at-the-money options for the former 
and then out-of-the-money options for the latter. But such a simple separate 
management of these two risks will obviously not work if the price jumps are 
associated with simultaneous discontinuous changes in the level of volatility. 
Empirical evidence in [9] based on the behavior of close-to-maturity options 
written on the stock market index suggest that this indeed might be the 
case. And this is exactly what we try to investigate in this paper: are price 
jumps accompanied by jumps in volatility? 
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The link between price and volatility jumps is intrinsically associated with 
the observed path, and therefore we develop tests that are, as much as pos- 
sible, independent from the underlying model. More specifically, we suppose 
that we have discrete observations from an arbitrary ltd semimartingale 
(typically the log-price) at times iA n for i = 0, 1, . . . , [T/A n ] where the time 
span T will stay fixed and the length of the high-frequency intervals A n — > 0. 
Under such a sampling scheme, we propose tests that determine the common 
arrival, or not, of the price and volatility jumps on the discretely-observed 
path over [0,T]. 

The test statistics that we construct can be intuitively described as fol- 
lows. First, we identify the high-frequency price increments containing jumps 
as those being higher in absolute value than a truncation level which goes 
to zero at a certain (known) rate. Then, for the set of identified jump times 
we construct left and right local volatility estimators from the neighboring 
high-frequency price increments. Our statistics are simple sums of certain 
functions of the identified jumps and the associated left and right volatility 
estimators. Then the tests we develop are based on the different limit be- 
havior of these statistics on the sets of common and disjoint arrival of the 
price and volatility jumps. 

While the results in the paper are derived for general functions measuring 
the distance between the left and right volatility, there is one specific choice 
which is particularly attractive for our testing purposes, and we use it in 
our applications. This function corresponds to the log-likelihood ratio test 
for deciding whether two independent samples of i.i.d. zero-mean normal 
variables have the same variance. The link with our analysis comes from 
the fact that the leading terms in the asymptotic expansions of the left and 
right local volatility estimators are (close to) sample averages of squared 
increments of a Brownian motion multiplied by the volatility level straight 
before and after the price jump time. The "local Gaussianity" of the high- 
frequency increments has been also used in [7] in a different context, that 
is, for constructing various integrated measures of volatility in a continuous 
setting. Unlike [7], however, our analysis is for processes with jumps. 

Finally, our results can be related to [6] in which we propose tests for 
deciding the common arrival of jumps for two discretely observed processes. 
The major difference with that paper is that here one of the processes, 
namely the volatility, is not directly observed, and it has to be estimated 
from the price increments first. This has nontrivial consequences, as it is 
essentially the error associated with measuring the volatility that determines 
the asymptotic behavior of our statistics, and it can significantly slow down 
their rate of converge. The intrinsic nonsymmetric nature of the price and 
volatility is reflected in our construction of the tests here, and this makes 
the statistical problem very different from the one analyzed in [6] . 
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The paper is organized as follows. Section 2 introduces our setup and 
states the assumptions to be used in the rest of the paper. In Section 3 we 
propose statistics constructed from the high-frequency data to measure the 
simultaneous arrival of price and volatility jumps. In this section we also 
derive central limit theorems associated with the statistics. Section 4 con- 
structs our tests using the statistics of Section 3. Section 5 contains Monte 
Carlo evidence for the performance of the tests, while Section 6 applies our 
tests to real financial data. Proofs are in Section 8. 

2. Setting and assumptions. We suppose throughout that our underlying 
process X is an Ito semimartingale on a filtered space (0, J-, (J r t)t>o,P). This 
means that it can be written as 



where W is a standard Brownian motion, and f/, is a Poisson random mea- 
sure on [0,oo) x E, with (E,£) an auxiliary measurable space, on the space 
(0, J 7 , (J 7 t)t>o,^ > ) and the predictable compensator (or intensity measure) of 
/i is v{ds,dz) = ds® X(dz) for some given a-finite measure A on (E,S). We 
write ct = (ct) 2 for the volatility process. The processes bt and at should be 
progressively measurable and 5(uj,t, z) should be a predictable function on 
f2 x K + x E. We refer to [4] for all unexplained, but classical, notation. 
We need some assumptions on X, and below r £ [0,2). 

Assumption (H-r). (a) The process b t is locally bounded. 

(b) The process at is cadlag, and neither at nor at- vanish. 

(c) We have \5(u,t,x)\ < Ft(u>) r y(x), for a locally bounded process T t and 
a (nonrandom) function 7 > satisfying f E (-y(x) r A l)X(dx) < 00. 

When r = 2 this is little more than X being an Ito semimartingale, except 
for the fact that at and at- do not vanish. When r < 2 it requires further that 
the jumps are r-summable, and the bigger r is, the weaker is the assumption. 
When (H-0) holds, then the jumps of X have finite activity. 

Next, we make an assumption on the local behavior of at- We want to ac- 
commodate two extreme cases: one is when at is itself an Ito semimartingale 
(a quite usual assumption for stochastic volatility models), and one is when 
it is the sum of finitely many jumps plus a continuous process having path- 
wise some Holder continuity property such as a fractional Brownian motion. 




b s ds + 




(2.1) 
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So we present an assumption which may look complicated but is satisfied 
by all models used so far and implies that at is cadlag. In this assumption, 
v is in (0, 1] , and the bigger it is, the stronger is the assumption. 

Assumption (K-v). We have a t = T,(Z t ,Z t ), where S is a C 1 func- 
tion on R 2 , and Zt and Zt are two adapted processes with the following 
properties: 

(a) The process Z is an ltd semimartingale satisfying (H-2) when v < 1/2 
whereas when v > 1/2 it satisfies (H-l/u), and its continuous martingale 
part vanishes. 

(b) The process Z± satisfies, for some locally bounded process V , 
(2.2) 0<s<l \Z t+s (u) -Z t (u)\ <T' t+s (oj)s v . 

3. Limit theorems for functionals of jumps and volatility. Our aim is to 

decide whether we have jumps of X and c occurring at the same times, and 
for this we make use of the following processes where AYt = Yt — Yt- is the 
jump size at time t of any cadlag process Y: 

(3.1) U(F) t = F(AX s ,c s .,c s )l {AXem . 

s<t 

Here, F is a function onRx W + x W + where W + = (0, oo). The derivatives of 
F, when they exist, are denoted by F'- and F" k , for j, k = 1,2, 3. The general 
idea will be to choose a function F which, for example, is nonnegative and 
F(x, y, z) = if and only if y = z; then U(F)t > on the set where the two 
processes X and c have common jumps within the time interval [0, T], and 
U(F)t = elsewhere. 

The process U(F) is not directly observable because we only observe Xi& n 
for i E N. Consequently, we "approximate" it by an observable process which 
we presently describe. We need some notation. For any process Y we set 

(3-2) A?Y = Y iAn -Y (i _ 1)An . 

We choose two sequences u n > and k n £ N* which serve as cutoff level 
and window size at stage n: we must have u n — > but more slowly than 
\/ A n , and k n — > oo but more slowly than 1 / A n . To this end it is convenient 
to choose two exponents w and p such that, for some constant K, 

(3-3) ^<^<K, ^<k n A?<K with0<o7<i,0<p<l. 

The next variables serve as "local estimators" of the volatility: 

( 3 - 4 ) ^n)i = jTXT £ \A^X\H {lA , mun} . 
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Note that (b) of Assumption (H-r) implies that A"X 7^ a.s. for all i,n, so 
c(k n )i > a.s. and we can set 



[t/A n ]-k n 

(3.5) U(F,k n ) t = Yl F {^ x ^{K)i-h n -i,^K)i)l{\^x\>u n y 

i=k n +l 

The aim of this section is to describe the asymptotic behavior of those 
observable processes U(F,k n ). 

3.1. The law of large numbers. Here we describe under which conditions 
on F we have U(F,k n ) — > U(F). Basically, this requires that F be continu- 
ous, plus some additional conditions. However, we want to apply the result 
when, for example, F has the form F(x,y,z) = ln x \ >a \g(y,z), where a > 0, 
and such an F is of course not continuous: so the desired convergence does 
not take place, unless with probability 1 there is no jump of X with size a 
or —a. This is why we introduce the following family 1Z of subsets R: 

p t? * R is open, with a finite complement; 

{ ' ^ • D = {x : P(3s > with Al s = x) > 0} C R. 



Theorem 3.1. Assume Assumption (H-r) for some r < 2 and Assump- 
tion (K-v) and (3.3), and let F be a Borel function on 1R x W*+ which is 
continuous at each point of Rx M*^ for some R£1Z. The processes U(F, k n ) 
converge in probability, for the Skorokhod topology, to U(F), as soon as one 
of the following three sets of hypotheses is satisfied: 

(a) F(x, y,z) = for \x\ < e for some e > 0; 

(b) we have r = 0; 

(c) we have \F(x, y,z)\ < ^^^(l + y + z) if \x\ < e for some e, K > 0. 

3.2. The central limit theorems. The above consistency result is not 
enough for us, and we need a central limit theorem (CLT) associated with 
it. Moreover, in view of the statistical applications given later, we need a 
joint CLT for the process U(F,k n ) and for the similar process U(F,wk n ) 
obtained by substituting k n with wk n for some integer w>2. 

The test function F should satisfy some smoothness conditions in connec- 
tion with the index r in Assumption (H-r) and involves another index p > 1 
as well. Namely, we suppose that there exist R£lZ and e > such that: 

• F is C 1 on R x R* 2 ; 

(3-7) • -J — j— j--F{(x, y, z) is locally bounded on R x M*+; 

• j-F-^O^y^)) VV F 3 are bounded on [s,s] x Rf 
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(recall that any R£TZ contains [— e, s] for some e > 0). When e = the last 
condition is empty. When p = 1 the second condition is empty. 

We need some additional notation. Let (J)', J 7 ' ,¥') be an auxiliary space 
endowed with four sequences (V~), (V p + ), (Vp~) and (Vp + ) of independent 

Af(0, 1) variables. We introduce the following extension (fl, F, P) of (f2, F, P): 

= 0x0', F = F®F', P = P(g>P'. 

Any variable or process defined on or 0' will be extended to in the 
usual way without change of notation. We consider an arbitrary sequence 
(Tp) p >i of positive stopping times on (0, F, (j c t)t>o,P) which exhausts the 
jumps of X: this means that T p ^ T q if T p < oo and q^p, and that for each 
w the set {t : AX t 7^ 0} is contained in {T p :p> 1}. 

Below we assume Assumption (H-r), and F satisfies (3.7). Then the for- 
mulas 

U t = ^(^(AI Ty) CT p - 1% ) CTp -V2F; 
P>1 

+ F3 (AX Tp , c Tp - , c Tp )c Tp V2y p + ) l {Tp < t} , 

p>i 

+ F3 ( A A Tp , c Tp _ , c Tp )c Tp v / 2y p /+ ) l {Tp < t} , 

define two cadlag adapted processes U and U' on the extended filtered space 
(0, J 7 , (J r t )t>o,P) where (Ft) is the smallest filtration which contains (Ft) 
and such that the variables V p + , V~ , Vp + , Vp~ are Ft p -measurable. More- 
over, conditionally on F, these two processes are independent, with the 
same (conditional) laws, and are centered Gaussian martingales (hence with 
independent increments) and with the conditional variances 

E((U t ) 2 I F) = E((U{) 2 I F) = B(F) t 

(3.9) 

where B(F) t = 2 V(^_^(AI s ,c s _,c s ) 2 + c 2 s F^AX s , c s _, c s ) 2 ). 



(3.8) 



s<t 

Moreover, if we modify the exhausting sequence (T p ) we accordingly modify 
Ut and Ul, but we do not change their ^-conditional laws which is the only 
relevant property of (U,W) for the stable convergence in law below (all these 
facts are proved, in a slightly different form, in [5]; we refer to [4] for the 
stable convergence in law). 

Theorem 3.2. Assume Assumption (H-r) for some r < 2 and Assump- 
tion (K-v) and (3.3) with 

2v 

(3.10) p< (2 w (2-r))^ Y ^. 
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Let F satisfy ( 3. 7) with e > when r 
be an integer. 

(i) If either r = 0, orF(x,y,z) = 
dimensional processes 



= and e > otherwise, and let w > 2 
- for \x\ < e for some e > 0, the two- 



(3.11) (VK(U(F, k n ) t - U(F) t ), y/kH(U{F, wk n ) t - U(F) t )) 

converge stably in law to the process (U, ^(U + y/w - 1U')) in the Skorokhod 
sense. 

(ii) Assume that r > 0, that F(0, y,z) = and that p>l + r/2 in (3.7). 
Assume also that p and w satisfy 

1 2v — 2 — r 2v 

(3.12) «7<— , p<(2w(pA2-r))A^ A rr—r- 

Zr r 1 + Iv 

[which is stronger than (3.10)]. Then for any fixed t > the variables (3.11) 
converge stably in law to the variables (Ut, —{Ut + \/w — Ulf.)). 



In (ii) above we do not state the "functional convergence" (stably in law), 
although it is probably true. For the tests we are after in the paper, we need 
only the finite-dimensional convergence of the above theorem. 

Our second CLT is about the case when the limiting process in the first 
CLT vanishes. Another normalization is then needed, and also stronger 
smoothness assumptions on F. Namely, we assume (3.7) and 

• F(x, y, z) is C 1 in x and C 2 in (y, z) on R x M*^, 

(3.13) i 

• J — rpF(j(x,y,z) for i,j = 2,3 is bounded on [— e, e] x M.*^. 

Of course, the limit in Theorem 3.2 may vanish under various circumstances, 
but for us it is enough to consider the rather simple situation where there 
is a Borel set icl and some rj > such that 

• either [—77, 77] C A or [— rj, rj] PI A = 0, 

(3.14) .xeA,yeR* + F(x, y, y) = F^x, y, y) = F^(x, y, y) = 0, 

• x £ A,y,z e R* + => F(x,y,z) = 0. 

Then obviously U(F) t = Ut = U[ = on the set on which, for all s <t, 
we have Aa s = whenever AX S G A \ {0}. When A = M the set £lf is the 
set where X and a have no common jumps on [0,t]. 
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When F satisfies (3.13), and with a given integer w > 2, the formulas 
' Ut = E 4 P (^22 (AX Tp , c Tp , c Tp ) (V- ) 2 

+ 2^ 3 (Ax Tp , CTp , CTp )y-y+) 

+ ( AX Tp , c Tp , c Tp ){V+?l {Tp <t}, 



(3.15) 



a? 1 



p>l 



+ 2^ / 3 (AX Tp , CTp , CTp ) 

x (F p - + V / ^TV;-)(F+ + yV^ Ty p /+ )) 
+ 4(Ai rp) c TpI c Tp )(y; + v / ^l^ ,+ ) 2 l {Tp 



define two cadlag adapted processes U and U' on the extended filtered space 
($7, J 1 ", (J^)t>o,P). Moreover, conditionally on F, the pair iU,U') is a process 
with independent increments and finite variation on compact intervals, and 
with the conditional means, 



1 



E{U t | F) = B'(F) t , E(U' t | JF) = -B'(F) 



(3.16) 



w 



where B' (F) t = J2 c l ( F 22 (AX S ,c s ,c s ) + (AX S ,c s ,c s )). 



s<t 



Here again, if we modify the exhausting sequence (T p ) we accordingly modify 
Ut and U' t , but we do not change their ^-conditional laws. 



Theorem 3.3. Assume Assumption (H-r) for some r < 2 and Assump- 
tion (K-v) and (3.3) with 



(3.17) 



Let F satisfy (3.14) f or some AcK, and (3.13) for e = when r = and 
some e > otherwise. 

(i) If either r = 0, or F(x, y, z) = for \x\ <e for some e > 0, f/ie iioo- 
dimensional variables (k n U(F,k n )t,k n U(F,wk n )t) converge stably in law, in 
restriction to the set £1^, to the variable (UtM't)- 

(ii) The same holds when r > 0, provided p and w satisfy 



(3.18) 



p< (tu(4-r) - 1) A 



(2v) A 1 1 
l + (2u) Al A 2' 
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4. Construction of the tests. 

4.1. Preliminaries. Now we are ready to construct our tests using the 
limit results of the previous section. The overall interval on which the process 
X is observed, at times iA n , is [0, T]. In our tests the processes X and a 
will not play a symmetrical role, mainly because X is observed, whereas a 
is not. 

Although our main concern is to test for common jumps, irrespective of 
their sizes, it might be useful to test also whether there are jumps of X 
with size in a subset A of R, occurring at the same time as jumps of a: 
for example, A = (a, oo) or A = (— oo, —a) (positive or negative jumps of X 
of size bigger than a only), or A = (— oo,— a) U (a, oo) (jumps of X of size 
bigger than a). 

We thus pick a subset icR satisfying the first part of (3.14), and we are 
interested in the following two disjoint sets: 

= {oj : 3s G (0,T] with AI s (w) G A \ {0} and Aa s (u) / 0}, 

(4.1) np d = {u:Vs£ (0,T],AI s (w)Gi\{0}^Aa s (w)=0, 

and 3s G (0,T] with AX s (u) G A\ {0}}. 

The subscripts "j" and "d" stand for "joint" jumps and "disjoint" jumps. 
One could also specify a subset A' in which the jumps of a lie, but it requires 
more sophisticated CLTs than Theorems 3.1 and 3.2, and we will not con- 
sider this case here. Note that fi^' d is contained in the set 0^ of Theorem 
3.3. 

Next, we recall that testing a null hypothesis "we are in a subset Qq" 
of O, against the alternative "we are in a subset fii," with of course n 
ill = 0, amounts to finding a critical (rejection) region C n C O at stage n. 
The asymptotic size and asymptotic power for this sequence (C n ) of critical 
regions are the following numbers: 

a = sup(limsupP(C n | H) : H G J 7 , H C Q , F(H) > o) , 

(4.2) 

P = inf (liminf P(C„ | H) :H G T, H C fii,P(if) > o) . 

In all forthcoming tests, we fix a priori two sequences u n and fc n satisfying 
(3.3): typically u n = aA™ and k n = [a' /An] where a, a' > are constants. 
Some restrictions on w and p will also be made, depending on the test at 
hand. 

Finally, similar to the tests for deciding whether price and volatility jump 
together or not which we develop here, one can use the limit results of 
Section 3 to derive various other tests about the relationship between jumps 
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in X and its volatility. Examples include: (1) testing whether all jumps in 
X are associated with volatility jumps and (2) testing whether jumps in X 
of given sign always lead to positive (negative) volatility jumps. 

4.2. Testing the null hypothesis "no common jump. " Here we take the 
null hypothesis to be ll X and a have no common jump" with jump size of 
X in A, that is, o!^ 4 \ for A like in (3.14). 

4.2.1. General family of tests. The idea is to use the variable U(F)t of 
(3.1) and its approximations U(F,k n )T for a suitable function F, namely 

F(x,y,z) = f(x)g(y,z) 

( f is C 1 , on R, 



(4.3) 



with < 



x e [— e, e] 
xeA\{0} 
x£A\{0} 

< 9 is C\ 



\f(x)\<C\x\P-\ 
Six) > 0, 
/(s) = 0, 



with bounded first 
and second derivatives, 
z^y =>• g(y,z)>0, 
z = y =>• g(y,z)=0, 
9i(y,y) = 9>i(y,y) = Q, 
L 9ii(y>y) + 922(y^y) > °> 

and where p > 1 V r. These ensure that F satisfies (3.7), (3.13) and (3.14). It 
also implicitly implies conditions on the set A, since A \ {0} = / _1 ((0,oo)) 
and / is C 1 on R, whose complement is finite. 

By Theorem 3.1, we have the following convergence: 



(4.4) 



U (F, k n )T — ->■ U (F)t 




on the set 
on the set 



(A,d) 
T ' 

T 



So in order to test the null hypothesis ^i^' d \ it is natural at stage n to 
take a critical region of the form C n = {U(F,k n )T > Z n } for some (possibly 
random) Z n > 0. In order to determine Z n in such a way that the asymptotic 
level of the test be some a, we make use of Theorem 3.3, which says that, 
in restriction to the set Q^' d \ the variables k n U(F,k n )T converge stably 
in law to Ut, as defined by (3.15). Conditionally on F, this variable is a 
weighted chi-square variable, with mean B'{F)t given by (3.16). 

One simple, not very efficient, way to derive test with a prescribed level a 
makes use of Bienayme-Chebyshev inequality, plus the fact that by Theorem 
3.1 again we can approximate the variable B'(F) by U(G,k n )T where 

(4.5) G(x,y, z) = y 2 f(x)(g'{ 1 (y, z) + g% 2 (y, z)) 
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satisfies all the requirements of that theorem. At this point, the critical 
region is taken to be 

(4.6) C n = {u(F,k n ) T > U{G > K)T ) 

and the following is straightforward: 

Theorem 4.1. Assume Assumptions (H-r) and (K-v), and F as in 
(4-3) with p>r, and choose u n and k n such that (3.3) and (3.18) hold. 
Then the critical region (4-6) has asymptotic level less than a for testing the 
null hypothesis Q^' d \ and asymptotic power 1 for the alternative fl^ . 

The actual asymptotic size of this test is usually much lower than a, 
because Bienayme-Chebyshev is a crude approximation. However we can 
use a Monte Carlo simulation to better fit the size, in the spirit of [6]: we 
take a sequence N n — > oo, and we simulate independent A/"(0, 1) variables 
V~(j) and VJ + (j) of independent jV(0, 1) variables, for j = l,...,N n and 
i = 1, . . . , [T/A n ]. Then, with the observed values of A£\X~, hence of the 
variables c{k n )i as well, we set 

[T/ArJ-fcn 

U(n,j) = /( A ^)l{|A r x|> ttn }(c(A; n ,) l ) 2 

i=k n +l 

(4.7) 

+ 9^c(k n ) i _ kn _ 1 ,c(k n ) i )(V+(j)) 2 

+ 2gUc(k n ) t _ kn ^,c(k n ) t )Vr(j)V+(j)). 

Next, we consider the order statistics of these simulated variables, that 
is, U{n)(i) > U{n){2) > ■ ■> U(n){N n ) such that {U(n)j : 1 < j < N n } = 
{U(n, j) : 1 < j < N n }, and we take as our critical region the following: 

(4.8) C n = [u(F,k n ) T >^^]. 



Theorem 4.2. Assume Assumptions (H-r) and (K-v), and F as in 
(4-3) with p>r, and choose u n and k n such that (3.3) and (3.18) hold. 
Then the critical region (4-8), constructed with any sequence N n increasing 
to infinity, has asymptotic level equal to a for testing the null hypothesis 
Q^' d ^ , and asymptotic power 1 for the alternative f^'^ . 
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4.2.2. A leading example. Here we specialize A to be either A = M. or 
A = [—a, a] c for some positive a, and in the first case we will need r = 0; that 
is, our process X has finite activity jumps. In both cases, we end up using 
a finite number of jumps of X (jumps of size higher than a fixed value are 
almost surely of finite number); therefore we consider F(x, y, z) = f(x)g(y, z) 
with f(x) = !{ x( zA}- Since for this choice f(x) is discontinuous at x = ±a, 
we need ±a ^ D [recall (3.6)] in order for (3.13) to be satisfied. Of course, 
D is unknown, but in the typical case when the Levy measure of X has no 
atom, D = {0} and thus any a > works. Otherwise, we can replace l{| x |> a } 
by a C 1 function which is very close to this. Practically this should make no 
significant difference, and therefore we stick to the indicator function, with 
a D. When A = Kwe set a = 0. 

A natural choice for the function g is the following: 

y ~t~ z 

(4.9) g(y,z) = 2\og— logy- log z. 

This choice corresponds to the log-likelihood ratio test for testing that two 
independent samples of i.i.d. zero-mean normal variables have the same vari- 
ance. The link with our testing comes from the fact that around a jump time 
the high-frequency increments of X are "approximately" i.i.d. normal. 

With this choice of F, our test for common jumps becomes essentially 
pivotal, that is, the limiting distribution of the test statistics depends only 
on the number of jumps and is thus straightforward to implement. To see 
this, note that in this case (3.15) writes as 

(4-10) Ut = IY.Vp ~ V p -) 2l {\AX Tp \> a} - 

p>i 

Conditionally on F, this variable has the same law as a chi-square variable 
with Nt degrees of freedom where = J2 P >i l{|AX Tp |>a}- The variable Nt 
is not observable. However, we have 

[T/A n ] 

(4.H) N T= Yl h\AfX\>aVu n }^N T , 

t=l 

and since these are integer- valued variables we even have ¥(N^ = Nt) — > 1. 

Therefore, denoting by z(a,n) the a-quantile of a chi-square variable Xn 
with n degrees of freedom, that is, the number such that P(Xn > z ( a i n-)) = a, 
we may take the following critical region at stage n: 

(4.12) Cn = \u{FX,)T> Z -^p-}. 
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Theorem 4.3. Assume Assumptions (H-r) and (K-v), and F as above 
with either a = ifr = or a positive and ±a ^ D ifr > 0. Choose u n and k n 
such that (3.3) and (3.17) hold. Then the critical region (4-H) has asymp- 
totic level equal to a for testing the null hypothesis fiy ' d \ and asymptotic 
power 1 for the alternative fi^ . 

Note that for constructing the critical region in (4.12), we need only the 
critical values of a chi-square variable Xn> and thus there is no need for 
simulation. 

4.3. Testing the null hypothesis, "common jump. " Now we take the null 
hypothesis to be li X and a have common jumps" with sizes in A for X, that 
is, O^ 4 '^, for A like in (3.14). We take an integer w > 2 and a function F 
satisfying (4.3), and introduce the statistics 

(4.13) S, = f^. 

If we combine Theorems 3.1 and 3.3, we first obtain 



(4.14) 



S n —> 1, on the set 

S n =J£ ^ 1 a.s., on the set £l!^~ ,d \ 



C—(s) 

where — > stands for the stable convergence in law; for the second conver- 
gence we must assume that k n satisfies (3.17), and U' T is implicitly depending 
on w; note that the pair (UtM't) ^ as -^"-conditionally a density, implying 
U' T /U T / 1 a.s. 

To determine the asymptotic level of a test based upon S n , we make use 
of Theorem 3.2 which by way of the delta method shows that, in restric- 
tion to the set Q^'^, the variables y/k^{S n — 1) converge stably in law to 
(y/w — \IA' T — (w — 1)Ut) / wU (F)t ■ The limit is ^-conditionally centered 
Gaussian with variance (w — 1)B(F)t/w(U(F)t) 2 [recall (3.9)]. Hence, if 

G(x, y, z) = 2f(x) 2 (y 2 g' 1 (y, zf + z 2 g' 2 (y, z) 2 ), 

(4.15) 

(w-l)U(G,k n ) T 



Vn 



wk n (U(F,k n ) T ] 



2 



we deduce that, in restriction to the set f2^ 4 ' jf \ the variables (S n — l)/y/Vn 
converge stably in law to a standard normal variable, under (3.12), of course. 

Then we may take the following critical region at stage n, where z a de- 
notes the symmetric a-quantile of an jV(0, 1) variable V, that is, P(|V| > 
z a ) = a. 

(4.16) C n = {\S n -l\ >z a ^/v n }. 
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Theorem 4.4. Assume Assumptions (H-r) and (K-v), and F as in 
(4-3) withp> l + r/2. Choose u n and k n such that (3.3) and (3.12) hold. 
Then the critical region (4-16) has asymptotic level a for testing the null 

hypothesis . 

There is no statement about the asymptotic power for the alternative 
Q^ 4 '^ which is any case is not equal to 1. Indeed, on Q^' d \ the variables 
(S n — l)/\ / Vn converge stably in law to some limit V (easily constructed 
from Ut, W t and also the variable Ut associated with the function G) as 
soon as G satisfies the assumption of Theorem 3.3. The variable V is a.s. 
nonvanishing, and the asymptotic power of our test is 

/3 = inf (P(| V\ > z a \H):H eF,H C n { ^' d) , F(H) > 0). 

This quantity cannot be computed explicitly and may be close to 0, as 
simulations show later on. 

To avoid this power problem, we can "truncate" the estimated variance 
V n : let v n be a sequence of positive numbers (possibly random, but of course 
depending only on the observations at stage n), such that v n — > and k n v n — > 
oo, and set 

V^ = V n Av n . 

Since k n V n converges to a positive finite limit on fi^ , we have ¥(V n = 
V^) — > 1 and this truncation has no effect on the behavior of our standardized 
statistics under the null, and we take the following critical region: 

(4.17) C' n = {\S n -l\>z aV ^}. 



Theorem 4.5. Assume Assumptions (H-r) and (K-v), and F as in 
(4-3) withp> l + r/2. Choose u n and k n such that (3.3) and (3.17) hold. 
Then if v n — > and k n v n — > oo, the critical region (4-17) has asymptotic 

level a for testing the null hypothesis Qj, , and asymptotic power 1 for the 

alternative ft,i^' d \ 

Remark 4.6. Exactly as in the previous subsection, when r = we 
may use the function F(x,y,z) =g(y,z) given by (4.9), and A = ]R. When 
r > we can use F(x,y,z) = g(y, z)l{\ x \ >a } , with g as above and a > and 
A = [— a,a] c , provided ±a ^ D. In these cases, p and w are subject to the 
weaker condition (3.10) only. 
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4.4. Practical aspects. The construction of the tests involves several choi- 
ces to be made by the user. The first one is about the functions / and g in 
(4.3). A good choice seems to be f(x) = l{| x |> a } for some a > and g as given 
by (4.9). However this works only when (H-0) holds (a serious restriction 
indeed), or when a > 0, and in the latter case we only test for common jumps 
when the size of the jumps of X is bigger than a. Then the user can perform 
the testing for various levels of a. In addition, if jumps of certain size in X 
are more important, l/| z i> } can be replaced with an appropriate weighting 
function for the jumps of different size. Finally, if the user wants to check 
cojumping, including the very "small" jumps in X, then a good choice is to 
take f(x) = x 2 and g(y, z) = h(y — z) where h is a C 2 function with bounded 
first and second derivatives, and h(0) = h'(0) = and h"(0) > and h{x) > 
when x ^ 0. 

The second choice in implementing the tests is about the sequences u Tl 
and k n . Here we face a natural tradeoff between efficiency and robustness. 
u n and k n should satisfy (3.10) or (3.17) when f(x) = li\ x \ >a \, and (3.12) 
or (3.18) otherwise, depending on which test is performed. These conditions 
depend on the a priori unknown numbers r and v in Assumptions (H-r) 
and (K-v). The higher the r and the lower the v are, the stricter the condi- 
tions are, and the lower the rate at which k n can grow, that is, the slower 
the rate at which U(F,k n )T converges. Intuitively, high r makes it difficult 
to distinguish the many small jumps from the Brownian increments, while 
low v means volatility is very "active" over short intervals and that makes 
estimation from neighboring increments "noisier." 

Most stochastic volatility models imply that at is an ltd semimartingale 
and therefore v = ^. If in addition we assume that r < 1, that is, jumps are 
of finite variation, then we can choose w and p arbitrarily close to ^, which 
is the optimal choice. Alternatively, if we are willing to assume only that 
r < ro for some 1 < ro < 2, then we can write the conditions on w and p 
with respect to tq and pick u n and k n so that they are fulfilled. One should 
emphasize that w and p only give an order of magnitude, and the concrete 
choice of u n and k n when one is faced with a set of data and thus with n 
and A n given is always a difficult question: in the Monte Carlo study we 
provide some guidance on that. 

The last choice to be made, for the second test, is choosing the integer w. 

(A j) 

Under the null il^ the normalized asymptotic ^-conditional variance of 
S n takes the form where $ = B(F) Y /(U(F) T ) 2 does not depend on 

w. The minimum of for w > 2 is achieved at w = 2. At the same time 

w — 

the effect of changing w under the alternative hypothesis is unclear and in 
general depends on the particular realization. For that reason we suggest 
to take w = 2 and we do so in our numerical applications without further 
mention. Some Monte Carlo experiments (not reported here) with w = 4 
provide further support for this choice. 
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5. Monte Carlo study. In this section we check the performance of our 
tests on simulated data. We work with the stochastic volatility model 

dX t = J Vt + V t 2 dW t + a / xfi(dt,dx,dy), 
v Jr 

(5.1) dVl = K 1 (9-V t 1 )dt + a^Jv^dWl, 

dV? = -K2~Vt dt + oti I yn(dt, dx, dy) + a 2 / Ul^'idt, dy), 
Jr Jr 

where W and W' are two independent Brownian motions; the (finite activ- 
ity) Poisson measures \x and // are independent with compensators 
v{dt,dx,dy) = 2{h _^ {u _ d) l( x£ [-h--i]u[iM) 1 (y&[dM) dtdxd y for < 1 < h and 
< d < u and v'{dt,dy) = ^z^l(j/e[d;u]) dtdy. This two-factor volatility struc- 
ture is found to fit high-frequency financial data very well in [8] (see also 
references therein). The above cited study finds the continuous volatility 
factor to be very persistent, while the discontinuous one to be transient. 
This is reflected in our choice of the parameter values of n\ and K2 in the 
Monte Carlo settings, in an effort to make them realistically plausible for 
financial applications. In Table 1 we report the parameter values for all cases 
considered. In all of them the variance of the jumps in X is fixed and its 
share in the total price variation is in the range 0.2 — 0.34, which is similar 
to one estimated from real financial data (see, e.g., [3]). Scenarios with a 
higher number of jumps imply that the jumps are of smaller size. The dif- 
ferent parameter settings differ in the average number of jumps, their sizes, 
whether jumps are present in the volatility and whether they arrive together 
with the jumps in X or not. The cases labeled with c and d are draws from 

the set £l^' d \ while the cases labeled with j and m are draws from the 

{A j) 

set fi£ ?' J '. To ensure the latter, we discard simulations from scenarios m on 
which there is no common price and volatility jumps. The behavior of the 
tests on the discarded simulation draws is exactly as on the simulations from 
scenarios d. 

In the simulated model we have (H-0) and (K-l/2), so we use the tests 
based on f(x) = 1 and g given by (4.9), and A = M.. Throughout, time is 
measured in days, and the observation length is five days, that is, T = 5, 
which constitutes one business week. We simulate 5000 days, that is, 1000 
Monte Carlo replications. On each day we consider sampling n = 1000, n = 
5000 or n = 24,000 times, corresponding approximately to sampling every 0.5 
minutes, 5 seconds or 1 second for a trading day of 6.5 hours or equivalently 
to sampling every 1.5 minutes, 15 seconds or 4 seconds for a trading day 
of 24 hours. Finally, for the calculation of the local volatility estimators we 
use a window k n = [5 x ]. Our choice for the truncation parameters a 



DO PRICE AND VOLATILITY JUMP TOGETHER? 



IT 



Table 1 

Parameter settings used in the Monte Carlo 



Parameters 



Case 


m 


e 




^2 


Ol 


Oil 


a 2 


A 


I 


h 


d 


u 


I-c 


0.02 


0.4 


0.04 


0.5 


1 








0.5 


0.1 


1.0420 






II-c 


0.02 


0.4 


0.04 


0.5 


1 








1.0 


0.1 


0.7197 






III-C 


0.02 


0.4 


0.04 


0.5 


1 








4.0 


0.1 


0.3275 






I-d 


0.02 


0.4 


0.04 


0.5 


1 





1 


0.5 


0.1 


1.0420 


0.04 


0.7600 


Il-d 


0.02 


0.4 


0.04 


0.5 


1 





1 


1.0 


0.1 


0.7197 


0.04 


0.3600 


Ill-d 


0.02 


0.4 


0.04 


0.5 


1 





1 


4.0 


0.1 


0.3275 


0.04 


0.0600 


I-j 


0.02 


0.4 


0.04 


0.5 


1 


1 





0.5 


0.1 


1.0420 


0.04 


0.7600 


n-j 


0.02 


0.4 


0.04 


0.5 


1 


1 





1.0 


0.1 


0.7197 


0.04 


0.3600 


m-j 


0.02 


0.4 


0.04 


0.5 


1 


1 





4.0 


0.1 


0.3275 


0.04 


0.0600 


I-m 


0.00 


0.0 


0.00 


0.5 


1 


1 


1 


0.5 


0.1 


1.0420 


0.04 


0.7600 


Il-m 


0.00 


0.0 


0.00 


0.5 


1 


1 


1 


1.0 


0.1 


0.7197 


0.04 


0.3600 


Ill-m 


0.00 


0.0 


0.00 


0.5 


1 


1 


1 


4.0 


0.1 


0.3275 


0.04 


0.0600 



and w determining u n = aA™ is a = 5 x vBV and w = 0.49, respectively, 
where BV denotes the bi-power variation over the day [1, 2]. This choice of 
the truncation level reflects the time-variation in the volatility. 

Figure 1 shows kernel density estimates of U(F,k n )T/N^, and Figure 2 
shows the size and power of the test for disjoint jumps. Overall the test 
behaves as prescribed by our asymptotic results. Not surprisingly, the size 
of the jumps have the strongest finite sample effect: the last row of Figure 
2, corresponding to the scenarios with the smallest on average jumps, shows 
that for n = 1000 we have slight overrejection when the null is true (cases c 
and d) and lower power when the alternative is true (cases j and m). The 
size distortion disappears and the power converges to 1 as we increase the 
sampling frequency. 

Turning to the test for common jumps, Figure 3 shows kernel density 
estimates of log(5 n ). The statistics are centered around on the samples 
in Cl^'^ (cases j and m), as predicted from our theoretical results. The 
distribution of log(S n ) on these samples becomes more concentrated around 
the true value of as we increase the frequency. On the other hand, on the 
samples in fi^'^ (cases c and d), the statistics are centered around log(0.5), 
and its distribution remains nearly unchanged across the different sampling 
frequencies (because for those samples S n converge to a random variable 
and not a constant). 

Figure 4 shows the size and power of the test for common jumps when 
we standardize \S n — 1| by V n . The test has overall good size with the only 
exception being the cases with high intensity of arrival of small size jumps 
(last row of the figure), for which even for n = 24,000 we have somewhat 
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significant overrejection. On the other hand, from the first two columns of 
Figure 4 we can see that, when using V n , the test has essentially no power 
against the considered alternatives. The lack of power is explained after 
Theorem 4.4. 

We next performed the test with rejection region C' n of (4.17), corre- 
sponding to the truncated variance V' n = V n A v n , and we have taken v n = 
A;" 0,125 x z ( 5 1 jyn) where Nj, is given by (4.11). The choice of v n reflects the 

fact that on Q,i^' d \ V n is distributed approximately as l/xfyn. The results 

of the test with the truncated asymptotic variance are reported on Figure 
5. The power against all alternatives improves in all cases, as seen from the 
first two columns of the figure. The cost of this is finite sample overrejection 
in the scenarios of frequent small jumps, that is, the last row on Figure 5. 
The overrejection for cases Ill-j and Ill-m is quite big. 

Overall, we conclude that the test for disjoint jumps performs well in finite 
samples and has relatively good power. The test for common jumps should 



case l-c 



case l-d 



case l-j 



case l-m 




Fig. 1. Kernel density estimate of U(f,g,k n )T/N" from the Monte Carlo. The dashed 
line corresponds to sampling frequency of n — 1000, the dotted line to sampling frequency 
of n — 5000 and the solid line to sampling frequency of n — 24,000. 
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case I l-j 
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Fig. 2. Size and power of the test for disjoint price and volatility jumps. The x-axis 
shows the nominal level of the corresponding test, while the y-axis shows the percentage 
of rejection in the Monte Carlo. The dashed line corresponds to sampling frequency of 
n = 1000, the dotted line to sampling frequency of n — 5000 and the solid line to sampling 
frequency ofn = 24,000. 



be always performed using the truncated variance V' n , and it can significantly 
overreject the null in the case of jumps of small size. Finally, as confirmed by 
the Monte Carlo, using coarser sampling frequencies in performing the tests 
leads to larger errors in estimating the left and right volatility. Therefore, 
our ability to distinguish small price and volatility jumps worsens in such 
cases. As a result, on coarser frequencies the tests will perform worse (i.e., 
weaker power against alternatives and possible size distortions) when jumps 
are small, for example, case III in our Monte Carlo, and there will be little 
effect when jumps are bigger, for example, cases I and II considered here. 

6. Empirical application. Before going to the empirical application, let 
us mention a crucial point. Our construction of the tests assumes that the 
stochastic process is observed without error, and the Monte Carlo in the 
previous section is conducted in this way. In financial applications at very 
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high frequencies, for example, seconds, the presence of microstructure noise 
in the prices is nonnegligible. If, for example, we have an i.i.d. noise, say with 
a continuous bounded density eft, then ^fc(k n )i converges in probability to 

| J cj){x)(j){—x) dx for all i: so obviously our test statistics behave in a very 
different way than in our theorems for their limiting behavior in probability, 
not to mention the CLTs. Intuitively, the microstructure noise will tend to 
bias downwards the estimated difference between left and right volatility, 
that is, a bias in favor of no common price and volatility jumps hypothesis. 

There seem to be two ways to get around the problem of microstructure 
noise. One is to use a coarser frequency at which the microstructure noise is 
considered as being negligible. Given our conclusions from the Monte Carlo, 
this way will inevitably sacrifice somewhat the performance of the tests when 
very small jumps are involved. An alternative is to develop tests which are 
robust against the noise, like using a pre-averaging preliminary procedure 
for our local volatility estimators, but this will inevitably lead to a further 
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case l-c 
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Fig. 4. Size and power of the test for common price and volatility jumps with V n used 
in the construction of the critical region. The x-axis shows the nominal level of the corre- 
sponding test, while the y-axis shows the percentage of rejection in the Monte Carlo. The 
dashed line corresponds to sampling frequency of n — 1000, the dotted line to sampling 
frequency of n = 5000 and the solid line to sampling frequency of n — 24,000. 



decrease in the rates of convergence. Furthermore such an extension of our 
tests, while building on the theoretical results here, asks for a significantly 
more involved mathematical approach which goes beyond the scope of the 
current paper and is thus left for future work. 

In our empirical application we use one minute S&P 500 index futures 
data. The S&P 500 index futures contract is one of the most liquid financial 
instruments, and thus the microstructure noise should be of little concern 
at the selected one minute frequency. The sample period is from January 
1997 till June 2007 and has 2593 trading days. We aggregate the data into 
business weeks (a total of 552) and perform the tests over these periods. 
Our choice for F is g(y,z)ln x \ >a \ with g(y,z) given by (4.9), and we report 
results for various truncation sizes a. The choice of u n , k n and v n is done 
exactly as in the Monte Carlo study above. 
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Fig. 5. Size and power of the test for common price and volatility jumps with V„ used 
in the construction of the critical region. The x-axis shows the nominal level of the corre- 
sponding test, while the y-axis shows the percentage of rejection in the Monte Carlo. The 
dashed line corresponds to sampling frequency of n — 1000, the dotted line to sampling 
frequency of n = 5000 and the solid line to sampling frequency of n = 24,000. 



Table 2 

Testing for disjoint and common price and volatility jumps for S&P 500 index data 



Jump size 



Rejection rate 



# of weeks 
with jumps 



Null = n 



_ (A,d) 



Null = n 



5% 



10% 



5% 



10% 



any size 
>0.2% 
>0.3% 
>0.4% 



238 
163 
96 
56 



60.50% 
61.96% 
69.79% 
73.21% 



64.71% 
65.64% 
70.83% 
73.21% 



42.02% 
40.49% 
38.54% 
42.86% 



51.26% 
50.31% 
48.96% 
50.00% 



Note: the test for common jumps is based on C' H in (4.17). 
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Fig. 6. Test results for S&P 500 index data for truncation level a = 0. The top and bottom 
left panels show kernel density estimates of U(f ,g,k n )T /N™ andlog(S n ) , respectively. The 
top and bottom right panels plot empirical rejection rates against nominal size of the tests 
for disjoint and common jumps, respectively. The latter one is based on C' n in (4- 17). 

Table 2 reports the rejection rates of the two tests (for the conventional 5% 
and 10% significance levels) for various levels of the truncation size a, while 
Figure 6 plots the kernel density estimate of the test statistics together with 
rejection curves of the two tests for the case of a = 0. The results suggest very 
strongly that the jumps in the level of the S&P 500 index are accompanied 
by jumps in its volatility. This is further confirmed from Table 3 in which 
we report the percentage of weeks in which both tests suggest the observed 
path is in 0^ , Q^' d \ or disagree. Based on the results in Table 3 for 
the weeks in which the S&P 500 index jumps: (1) in approximately 40% of 
them there is strong evidence for common price and volatility jumps, (2) in 
around 20% of them there is evidence for disjoint jumps and (3) for the rest 
of the weeks the tests are inconclusive. Given our Monte Carlo study, this 
last part of the sample can be explained with a lot of small jumps for which 
detecting common or disjoint arrival needs even higher frequencies. 
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7. Conclusion. In this paper we derive tests for deciding whether jumps 
in a stochastic process are accompanied by simultaneous jumps in its volatil- 
ity using only high-frequency data of the process. Our application of the 
tests to S&P 500 index data indicates that most stock market jumps are 
associated with volatility jumps as well. 

8. Proofs. 

8.1. Preliminaries. Under Assumptions (H-r) and (K-v), both X and Z 
are Ito semimartingales, with (2.1) for X, and Z has a similar representation, 
in which (up to "augmenting" the Poisson measure fi) it is no restriction to 
assume that the Poisson measure is the same. That is, we can write 

Z t = Z + [ b s ds + [ a s dW s + [ d' s dW s 
Jo Jo Jo 

(8.1) + J J^(6{s,z)l {lI{tz)l ^ 1} ){fi-iy)(ds,dz) 

+ So J E ^ s,z ^ 1 {m^\>^^ ds,dz ^ 

where W' is another standard Brownian motion, independent of W. More- 
over we have \5(u,t,z)\ < ^(^^(z), where we can always take the same 
process Tt than in Assumption (H-r) for X, as we may do for the process T 
showing in (2.2). Note also that 

v<^ J (cf{z) 2 A l)X(dz) < oo, 

(8.2) 

v>^ j\l{z) l/v M)\{dz) <oo, a = a' = 0. 

By a well-known localization procedure (see, e.g., [5]) it is enough to prove 
all theorems of Section 3, hence also of Section 4, when in addition to the 





Table 3 




Decision matrix based 


on the two tests for S&P 


500 index data 




Accept fl^ 


Reject £1^ 


Accept 


19.33% 


20.17% 


Reject 


38.66% 


21.85% 



Note: numbers based on the two tests with 5% significance level and 
truncation level a = 0. The test for common jumps is based on C' n 
in (4.17). 
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relevant Assumptions (H-r) and (K-v) we have 

N + N + A + N + M + 1 3 *! + r < + 

Ft 

(8.3) 

+ |Z t | + |Z t |+ 7 (z)+7(z)<C 

for some constant C. This additional assumption will be supposed through- 
out. In the sequel, K is a constant which varies from line to line and may 
depend on C above and also on r,v,w and on the function 7 in (H-u), and 
is written K q if it depends on an additional parameter q. 
Under (8.3), we can write X as X = X' + X" , where 
»t /> 

(5(s, z)(// — v){ds, dz), if r > 1, 
5(s, z)/j,(ds,dz), if r < 1, 

X' t = X + f b' s ds+ [ a s dW s 
Jo Jo 




b t + 5{t,z)X(dz), if r > 1, 

Jt\6(t,z)\>l\ 



where b' t = { J ^>^ 

b t - 5{t,z)X{dz), ifr<l. 

J{\8(t,z)\<l} 

We also need a long series of additional notation. For each integer m > 
1 we denote by (S(m, q) : q > 1) the successive jump times of the count- 
ing (Poisson) process /z([0,t] x {z: ± < 7 (z) < ^}). We relabel the two- 
parameter sequence (S(m,q) :m,q > 1) as a single sequence (T p :p> 1), 
which clearly exhausts the jumps of X . 

When m > 1 we denote by 7^n the set of all p's such that T p = S(m',q) 
for some q > 1 and m' £ {1, . . . ,m}. We set I(n,i) = ((i — l)A n ,zA n ] and 

i(n,p) = the unique integer such that T p £ I(n,i(n,p)), 
J(n, m) = {i(n,p) :p E 7^}, </'(^, m) = N* \ J(n, m), 
fin,t,m = {3p > *) or r p > 3fc„A„ and |T p - T q \ > 6k n A n }. 

We have 

(8.4) lim P(fin, tjtn ) = 1. 

n— >oo 

When m £ N we also set 



{2:7(2:) < l/m}, 7m =/ 7 (z) r A(cfe), 

1/ A m 
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b'(m) 



b' t - / 5(t,z)X(dz), ifr>l, 
b'u ifr<l, 



(8.5) 



A w (m) t = X + / 6'(m) s ds+ / <t s cW s , 



y(m) t = / / 5(s,z)/j(ds,dz), 
Jo J{A m ) c 



X"(m) 



t 

8(s,z)(n — v){ds,dz), if r > 1, 
5(s, z)fi(ds,dz), if r < 1, 




'o JA„ 

Y(m) = X{m) + X"{m) =X- Y(m). 

Note that A = E, 6'(0) = b', Y(0) = 0, X'(0) = X' and X"(0) = X" . When 
r < 1, we can also define those quantities when m = oo, in which case ^4oo = 
{,2:7(2) =0}, 6'(oo) = b', Y(oo) = X", X'(oo) = X and X"(oo) = 0. 
Next, similar to (3.4), we put 

(8-6) V^^—^lA^Wf. 

This notation, as well as (3.4), is extended for convenience to the case where 
i < 0, with the convention that A^Y = when i < for any process Y. 
Finally, we set 

c(k n ,p—) = c(k n )i( n ^_j tn _i, c(k n ,p+) = c(fc n )j( njP ), 

i](k n ,p-) = 7?(/c n )j(n,p)-fc n -i, r](k n ,p+) = v(k n )i^ p ), 

K(k n ,p-) = ^/k~{c(k n ,p-) - c Tp -), K(k n ,p+) = y/k^(c(k n ,p+) - c Tp ), 

n'(k n ,p-) = \/k\{r](k n ,p-) - 1), K'(k n ,p+) = \/ f k~{'n{k n ,p+) - 1). 

8.2. Estimates. We proceed here by recalling or proving a number of 
useful estimates. As said before, we always assume Assumptions (H-r) and 
(K-v) and (8.3). Mostly, these estimates are conditional with respect to a 
possibly larger filtration than (-7^). So we fix m £ N, and denote by //( m ) and 
^/(m) res t r i c tions of the measure \i to the sets M+ x A m and R+ x (A m ) c , 
respectively. These are two independent Poisson measures, independent of 
W and W as well. We denote by Q m the a-field generated by the measure 
fj,'( m \ and by {J-^ ) the smallest filtration containing {J~t) and such that 
JFq contains Q m . 
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We set D m = {(oo, s) : fi'^ m '(u, {s} x E) = 1} which is also the union of the 
graphs of the stopping times T, p for p £ T m ■ Then we define the process 

Z(m) t = Z t -J2^Z s l Dm (s). 

s<t 

Due to the independence of W, W, fj,^ and ^'^ m \ the processes W and 
W' and the measure // m ) are still Wiener processes and a Poisson random 
measure, relative to the filtration (J 7 ^). Hence X'(m) and X"(m) are Ito 
semimartingales, with the same form as in (8.5) (we can replace fx and v by 
^( m ) anc l its deterministic compensator because of the presence of lA m ) and 

relative to the filtration (J 7 ^). In the same way Z(m) is still of the form 

(8.1) , driven by W, W and // m ) (instead of /x), relative to (J 7 ^) [and up 
to replacing b t by b(m) t = b t - J^ Am ^ c 6(t,z)lr^ t s, <1 yX(dz), which is still 
bounded] . 

1. Estimates on a. The latter property, together with (8.3) and classical 
estimates and the fact that at = o' t = identically when v > 1/2 imply that 
for any p > 1 , 

ra*\ vrf \7( \ v( \ ip I x-MA <r fi^ P i (p/2)A1 , if v < 1/2, 

(8.7) E(sup|ZH K+s - | F R j — | ^(Hai if „ > / /2; 

for any finite (J 7 ^ )-stopping time i?. Since Z and Z stay in a compact set, 
we have 

Wt+s — &t\ < ^(l-^t+s - ^| + l-^t+s - z t\)- 

Moreover, Zt — Z s = Z(m)t — Z(m) s if s < i and (s,t] n D m = 0. If i? is a 
finite (J 7 ^ )-stopping, the set {(.R,i? + 1] D -D m = 0} belongs to J 7 ^, so 

(2.2) and (8.7) yield 

(8.8) E(sup\a R+s -a R \ p \ J 7 ^) < Kt (pv)A1 on {(R,R+t]nD m = 0}. 

2. Estimates on X. The following classical estimates use (8.3) and \b'{m)t\ < 
K m {r-l) Below, q > and p > r and i is an integer, possibly random but 
J 7 ^ -measurable, and we have 

E(|A[wn^ 1)A j 

E(|A^(m)H^ 1)A J 
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<K q Af/ 2 (l + A^ 2 m^ + ), 
(8.9) E(|A?X"(m)n^ A ) 



< < 



(i-i)z 

' ^^(l + (A nm ^ p - 1)+ ), ifr<l, 
^%^(l + (A n m^ 2 > + / 2 ), ifr>l, 



E(|AfX'(m) - a (i _ 1)A „ AJW|* | ^ } 1)A J 

< ^(A9/ 2 +(^) A1 + A«m 9 ^- 1)+ ) 

on the set {I(n, i) n -D m = 0}. 

Next, we also have for p>r, 
(8.10) E(\A?X»(m)\i> A < | ^ 1)A J < iT<-A n7m . 

These estimates hold when m = as well [in which case J-^ = Ft and i is 
not random, and 5^(0) = 0]. In particular, in this case we deduce 

(8.H) E(\A?X\ 2 \F {l _ 1)An )<KA n . 

Next, with any measurable subset A of E we consider the increasing 
process G(A) t = j Q j A ^(z)/j,(ds,dz). This process is infinite for all t > if 
JaJ(z) x \{dz) = oo, and otherwise is a Levy process, and known estimates 
on Levy processes yield for all q > 0, 

gVl\ 

(8.12) E((G(A) t y) <K q [t I 7 { z yX(dz) + [t / j(z)X(dz) ' 



[Since 7 is bounded, when q < 1 the right-hand side above is smaller than 
K" ff t/ A 7(^) 9 A(cfe).] Since |A?y(m)| < A^G(A c m ), we deduce (for i > 1 not 
random) 

(8.13) g>r E(|A?y(ro)?|« | ^_i )A J < #,(A n + (^"^f 1 ). 

3. Estimates onc(k n )i. Below, i > 1 is a nonrandom integer. First (8.11) 
yields 

(8.14) E(c(k n )i\Ti An )<K. 

We need also estimates on the difference c(k n )i — ct for suitable times t. If 

S is a J 7 ^"^ -measurable positive finite time and i > 1 an -measurable 
random integer, the sets 

fi(m, n, 5, i)+ = {(» - l)A n < 5 < iA n , (S, S + (k n + l)A n ] n D m = 0}, 
fi(m, n, 5, i)- = {(* - 1) A n < 5 < iA n , (5 - (fc n + 2) A n , 5)nD m = 0} 
are .Fq"^ -measurable, and we have 
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Lemma 8.1. Assume Assumptions (H-r) and (K-v) and (8.3). Letq = 1 
or q = 2, and assume (3.3) with also 

q = l p< -^- A (2zu(2-r)), 

(8-15) 

q = 2 p< {2V / A ^ A(c7(4-r)-l). 

y H l + (2u)Al 



Then there is a sequence a n (q) — > such that, for m > and any Jq 
measurable variables S and i as above, we have 

E(|c(Av0i-cs»7(MiN4 ro) ) 

K m a n (q) 
< — onil{m,n,S,i) + , 

fan 



(m) 



5.16) 



and a/so 



E(|c(fc„)i_ fen -i - c 5 _r ? (/c n )i„ fcn „i| g | -7 7 ( ( ™ ) fcn _ 1)A?: 

K m a n {q) . 
< — on i2(m, n, o, «)_ 

An 



E(|c(/c n )j - c 5 | 9 | J^ m) ) < on n(m,n,S,i) + , 



5.17) 



(W) 

E(|c(fc n )i_ fcn _i - c S -\ q | ^ ( ™ fcn _ 1)A J ^7^72" 071 

fen 



Moreover, as soon as r <2, and under (3.3) only, we have 
c(k n )i^c s on Q(m,n,S,i) + , 
c(fc n )i-ifc„-i — >c S - onU(m,n,S,i)-. 

Proof. We will prove, for example, the second claims of (8.16), (8.13) 
and (8.18) (the first ones are slightly easier). On the set Q(m,n, S, i)- the 
variable c(fc n )i-fc n -i is equal to the variable C 1 (k n )i-k n -i associated in the 
same way with the process Y(m). 

The following estimate, for all x, y, z £ M, u > 0, w > 0, is straightforward: 

\\x + y + z\ 2 l{\ x+y+z \< u y — x 2 \ q 

\ x \(2+w)q 



< K q Uy A u) 2q + z 2q + |x| 9 (|y| A u) q + \x\ q \z\ q + 



u wq 



This will be applied with x = o"(j_i)A n A™W and y = &jX"(m) and z = 
AjX'(m) — (T(j-x^ n AjW [so A^Y(m) = x + y + z], and u = u n and u> such 
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that w(l — 2vj) > 2, and when j = i — k n — 1, i — k n , . . . , i — 1: using Holder's 
inequality, we deduce from (8.9) and (8.10) and the boundedness of at, and 
after some calculation, that in this case 

E(|(A«F(m)) 2 l {|A „ F{m)| < Un} - c {j _ 1)An (A? W f\« | Jg^-UAJ 

< ^(A^-^ + A£+^)^) 

for any £ (0, 1), on the set Q(m,n, S,i)-, because I(n,j) n D m = 0. 

Next, we write |c (j _ 1 ) An - c s _| < |c (j _i) A?i - c jAn \ + |cj An - cs_|, and we 
apply (8.8) and (8.9) and either Holder's inequality plus the boundedness of 
at, or successive conditioning, to get, for j and 6 as above, 

E(|c (i - 1)An -c S -| 9 (A^|^_ 1)A J 

These estimates, together with the definition of c! (k n )i-k n -\ and rj(k n )i^k n ~i, 
yield 

E(|c (fc n )i_ fcn _i - c S -r}{k n )i- kn - 1 \ q | ^ ( V4 n _ 1)A J < K mfi a(q) n 

on the set Q(m, n, S, i)_ , where a(?) n = A^ 29 "^" 9 + A «^)ai)(i-/>) + A { n qv)Ad . 
Then (3.3) and a proper choice of # show that a(q) n kn 2 — >■ for g = 1,2, 
under (8.12), and a(l) n — >• as soon as r < 2. This in particular gives the 
second part of (8.16). 

Finally (8.17) and (8.18) follow from the above, from the boundedness of 
the process q, and from the following property: if R is any (J^ )-stopping 
time and i A n > R, then 

E(( V (k n ) i -l) 2 \J ci ™ ) ) = 2/k n . 

This readily follows from the fact that T]{k n )i is independent of J-p^ and 
given by (8.6). □ 

8.3. The stable convergence ofc{k n )i. From now on, the integer w > 2 is 
fixed. The aim of this subsection is to prove the following stable convergence: 



Proposition 8.2. As soon as Assumptions (H-r), (K-v), (8.3) and 
(8.15) for q = 1 hold, the sequence of variables 

(8.19) (n(k n ,p-),K,(k ri ,p+),K(wk n ,p-),K(wk n ,p+))p> 1 
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converges stably in law os n->oo (for the product topology on R ) to 



(8.20) 




p>l 



where the variables V~ , V p + , V p ~ , V p + are defined on an extension of the 
original space (O, P, P) and are aW independent andM(0, 1) -distributed, and 
independent of J 7 . 



Proof. Step 1. It is enough to prove the convergence of any finite sub- 
family of indices p. In other words, instead of considering the infinite se- 
quence indexed by p > 1 in (8.19) and (8.20), we can fix an arbitrarily 
large integer P and consider the families indexed by p £ {1, . . . , P}. All p 
smaller than P are in some T m , and we consider the set Q n on which for any 
p < P and any q £ T we have T p > 3k n A n and \T P — T q \ > 6k n . Obviously, 
P(Q n ) -ylasn-i'oo. 

Now we will apply Lemma 8.1 with S = T p for p < P, and i = i(n,p): 

then S and i are Pq^ -measurable, and the set £l n is included into both 
Q(m, n, T p , i(n,p)) + and Q(m,n,T p ,i(n,p))_. Since F(Q n ) — > 1, we deduce 
from this lemma that 



'k n (c{k n ,p-) - c Tp -r](k n ,p-)) — > 0, 
1.21) 



'k n (c(k n ,p+) - c Tv T]{k n ,p+)) — ► 0. 
Step 2. Now we set 

x n = (K'(k n ,p-),K'(k n ,p+),K'(wk n ,p-),K l (wk n ,p+))i< p <p, 



•22) X = \V2V- , V2V+, ^(V~ + VuJ^lV^), 



i<p<p 



By (8.21), we are left to prove that the variables \ n stably converge in law to 
X- Taking into account that x is independent of P, this amounts to proving 

(8-23) E(tf/( X "))->E(E/)E(/( X )), 



where U is any bounded ^-measurable variable, and / is continuous bounded. 
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In fact, if {Gt ) denotes the smallest nitration to which W is adapted and 

such that Q m C Gq"^, each x n is Goo^ -measurable. So, up to substituting U 

with E(U | Goo) above, it is clearly enough to prove (8.23) when U is Gacf 1 - 
measurable. 

Step 3. We introduce some further notation: first the set F n = Ui< p <p((^p~ 

(wk n + l)A n ) + , T p + (wk n + l)A n ], which is a random G^ -measurable set, 
and second the processes 

W? = [ l Fn (s)dW s , W' n = W-W n 
Jo 

[those are well defined because TV is a (Gi ; )-Brownian motion]. The c-fields 

% n generated by G^ and all variables increase with n, and \J n % n = 

Goo^ ■ Therefore it is enough to prove (8.23) when U is T^-measurable for 

some q: to see this, let U be Goo^ -measurable; set U q = E(C/ | H q ); if (8.23) 
holds for each U g , it also holds for U because U q — > U in L 1 (P). 

The set O n of Step 1 is ^-measurable, hence T^-measurable for all q. 
Since P(f2 n ) — >• 1 it is enough to prove that for any bounded % 9 -measurable 
variable U, 

(8-24) K(Ul n J(x n )) -> E(E/)E(/( X )). 

Step 4. We introduce a double sequence (N(p,i) :p,i>l) of i.i.d. A/"(0, 1) 
variables on some auxiliary probability space. Then, define the variables 

((k n ,p-) = —=Y / (N(p,i) 2 -l), 



k n 

(w + l)k n 

((k n ,p+) = ^= £ (N(p,i) 



'k 

v n i=wkn+l 
wk n 

C(wk n ,p-) = -== Y,(N(p,i) 2 ~ 1), 

-. 2wk n 

C(wk n , P +) = ^= V (N(p,i) 2 -1). 

y/WK n . , , 
i=wk n +l 

Observe that in restriction to the set £l n the variable x n involves increments 
of W which are different for different values of p, and are increments of the 
process W n above, which is independent of W' n . Therefore if q is fixed, for 
any n>q and in restriction to the ^-measurable set n , the ^-conditional 
distribution of the variable x n °f (8.22) is exactly the law of 

Cn = (((K,P-),((k n ,P+),((wk n ,p-),((wk n ,p+))l< p <p. 
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This means that the left-hand side of (8.24) for n > q is equal to E(J71q ) x 
E(/(Cn))- 

At this stage, we see that (8.24) amounts to proving that Q n converges in 
law to the variable x given in the second half of (8.22). This is an obvious 
consequence of the 4-P-dimensional ordinary central limit theorem. □ 

8.4. Proof of Theorem 3.1. 1. As stated before, we assume Assumptions 
(H-r) and (K-v) and (8.3). If m > 1 and J(n, m, t) = J'(n, m) n {k n + l,k n + 
2, ...,[*/ A n ] -k n } and T m {n, t) = {p £ T m ■ T p < A n [t/A n ]}, we have 

t<T => U(F,k n )t = U n (m) t + U n (m) t 

on the set £l n ,T,m, where 

(8.25) U n (m) t = ]T n^nriX&^P-W^P+VH^x^} 
peTm{n,t) 

U n {m)t= Yl F ( A r F M^(fe„) i - fc „-i,c(A; n ) i )l {|A?F{m)|>M . 

iS J(n,m,t) 

The sum defining U n (m)t has a bounded number of summands, as n varies. 
We also have for p £ T m , 

K(n, P )X -> AA Tp , P(|Af (n;p) F(m)| > u n /2) -> 0, 

(8.26) 

A?(„, p) ^ = A^T P + A^ p) Y(m) on n nAm 
[use (8.9) and V A n /u n — > for the second property]. We have F(AXt p £ R) = 1 
by (3.6) and F is continuous on R x M^ 2 . Since c(k n ,p—) ct p - and 
c(k n ,p+) — > ct p on Q n ,t,m H {T p < t} [use (8.18) with 5 = T p ], the pth 
summand in U n (m) t converges to F(AX Tp ,c Tp -,CT p )l{&x Tp ^} l {T v <t} in 
probability. Therefore we have the following convergence in probability for 
the Skorokhod topology: 

(8.27) u n {m)t^U{m) t = £ F(AX Tp ,c Tp .,c Tp )l {Tp < t} . 

P&Tm 

2. Next, we show the result in case (a). Pick m > 2/e. Since |Ay(m) s | < 
1/m, for any t > we have |A™Y(to)| < 2/m for all i < [t/A n ], on a set 
f2" whose probability goes to 1. On fi" we have U n (m) s = for all s <t, 
because of the property of -F, which also implies U(m) = U (F) identically. 
Then the result readily follows from (8.27). 

3. Next, we show the result in case (b). The notation (8.5) is also valid 
for m = oo, and (8.27) holds for m = oo (the right-hand side is a finite 
sum) and U(oo) = U(F). Since Y(oo) = X'(oo), it follows from the second 
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part of (8.9) (which also holds with m = oo when r = 0) that P(A"Y"(oo)| > 
Un) < K q An 2 Un q , which is smaller than KA\ if q = 1 _2 ■ So Borel-Cantelli 
lemma yields that, for each t, we have |A"V(oo)| < u n for all i < [t/A n ], 
hence U n (oo) s = for s <t, when n is large enough. We then conclude as 
above. 

4. It remains to consider the case (c). First, \F(AX s ,c s -,c s )\ < i^|AX s | r 
as soon as |AX S | < e (recall that c s is bounded). Since ^ s<t |AX,| r < oo 
a.s. for all t, whereas |AX S | < 1/m when s differs from all T p for p £ 7~ m , we 
deduce from the dominated convergence theorem that U(m) — > U(F) a.s., 
locally uniformly in time as m — > oo. Therefore by (8.27) it remains to prove 
that for all t > 0, 

(8.28) T]>0 =>- lim limsupP(sup|F n (m) s | > rj) = 0. 

m-5.oo n ^oo V s < 4 / 

On the one hand, as in the previous step we deduce from (8.9) and 
from \AX" (m) s \ < l/m that, if m > 4/e, we have |A"X'(m)| < u n /2 and 
|A"X"(m)| < e/2 for all % < [t/A n ], when n is large enough. On the other 
hand, our assumption on F yields that if \x\ < u n /2 and \x'\ < e/2, then 
\F{x + x',y, -2)|l{| x +x'|>u n } < K\x'\ r '(1 + y + z) as soon as u n < e. Hence for 
any given t, and outside a set 0' njtjm satisfying P(f7 / n tjm ) — )■ 1 as n — > oo, we 
have |i7 n (m) s | < H n (m)t for all s<t, where 

H n (m) t = K \/^X'\m)\ r (l + c(k n ) i - kn - 1 + c{k n )i). 

i=k„ + l 

Therefore we are left to show that for all t, 

(8.29) lim supE(i? n (m)t) = 0. 

m— >-oo n 

The estimates (8.13) and (8.14) and successive conditioning yield that 
E(|A^"(m)| r (l + c{k n ) i _ kn _ 1 + c(k n )i)) < KA nlm . 
Since j m — > as m— > oo, we deduce (8.29) and Theorem 3.1 is proved. 

8.5. Proof of Theorem 3.2. We need many steps, and as before we assume 
Assumptions (H-r) and (K-v), and also (8.3). 

Step 1. We use the notation (8.25) of the previous proof when we deal 
with k n and write instead U' n (m) and U ln {m) when we deal with wk n . We 
also use U(m)t, as defined in (8.27), and 

U n {m) t = U n (m) t - Y, F(AX Tp ,c Tp .,c Tp )l {T ^ t} 
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and U'(m) is the same with U' n (m) instead of U n {m). We have 

U n (m) t - U(m) t = & U' n (m) t - U(m) t = ]T £ p n , 
peTm peTm 

where 

Cp = F(A™ (n>p) X,c(fc„,p-),c(fc„,p+))l {A ^ rtX | >Un} l {Tp < An[t/An] ^ 

- F(AX Tp , c Tp - , c Tp ) 1{ ax Tp ^0} 1 {T p <t} , 

C = F(A^ p) X,c(wk n ,p-), ^wk n ,p+))l {A n np)Xl> ^ } l {Tp < An[t/An]} 

- F{AX Tp , c Tp - , c Tp ) 1{ ax Tp m l {T P <t} ■ 
We also set 

Q = & (AX Tp , c Tp _ , c Tp )K(k n , p-) 

+ ^3 ( AX T P ,Qr p -, C Tp )K(k n , p+))l{AX Tp ^0} , 

(8.30) 

C' p n = (F^AX Tp ,c Tp .,c Tp ) K (wk n ,p-) 

+ F^{AX Tp ,c Tp -,c Tp )K(wk n ,p+))l {A x Tp ^ }. 
Step 2. In this step we prove that 

(^/k~(U n (m) - U(m)), ^/k~(U' n (m) - U{m))) 



.31) 



C-s 



W(m), -(W(m) + Vw^-U'{m)) 



w 



(stable functional convergence in law) where U(m) and U'{m) are as de- 
scribed in (3.8), except that the sum is taken over the p G T m only. By 
Proposition 8.2, we have 

(C;,C' P n )hT p <t } ^ (u(m) t ,^(U(m) t + V^lU'(m) t )\, 

p£Tm 



note the normalization in K(wk n ,p±) is by \Jwk n . Hence proving (8.31) 
shows that for each p G T m we have 



(8.32) v ^ k ~ C n- C n^ 0i v 4^ C ^_ C /n^ >0; 

in restriction to each set {T p < t}. We will prove, for example, the first 
property. We have P(A n [t/A n ] < T p < t) ->■ and (8.4) and (8.26), implying 
that the set {|A™, -.X\ > u n } converges in probability to the set {AXt p / 
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0}. Therefore it is enough to show that 

^(F(A? inp) X,c(k n , P -),^k n ,p+))-F(AX Tp ,c Tp -,c Tp )) 

~ ( F 2( AX T p ,CT p -,C Tp )K{k n ,p-) 

+ F^AX Tp ,c Tp -,c Tp )K(k n ,p+))^0. 

The sequences K(k n ,p±) n are bounded in probability and AXt p 6 R a.s., 
so (3.7) and Taylor's formula yield 

y/K(F( AX Tp ,c(k n ,p-),c(k n ,p+)) - F(AX Tp , c Tp - ,c Tp )) 

- Ft,(AX Tp ,c Tp -,c Tp )K(k n ,p-) - F^AX Tp ,c Tp -,CT p )K(k n ,p+) A 0. 
So in fact it is enough to prove that 

y/k~(F(A? (n ) X,c(k n ,p-),c{k n ,p+)) 

(8.33) 

- F(AX Tp ,c(k n ,p-),c{k n ,p+))) A 0. 

Since AXt p G R a.s. and the two sequences c(k n ,p—) and c(k n ,p+) are tight 
in (0,oo), the first part of (3.7) yields that (8.33) will hold if y/J^\A?, p) X - 

p 

AXt p \ — > 0. Therefore (8.33) follows from the facts that k n A n — > and that 
the sequence — t4=| A^-„ n \X — AXtJ is bounded in probability, the latter 

coming, for example, from Lemma 8.5 of [5]. This ends the proof of (8.33), 
hence of (8.31). 

Step 3. Here we prove (i). Suppose first that F(x,y,z) = for \x\ < e for 
some e > 0, and take m> 2/e. As in the previous theorem we then have 
U(F) = U(m) and U =U(m) and W =U'(m), whereas U(F,k n ) s = U(m) s 
for all s < t on a set having P(^f) — > 1. The result follows from (8.31). 

Next we assume r = 0. ^Again as in the previous proof, we argue with 
m = oo: we have U(F) = U(oo) and U =U(oo) and W =W(oo), whereas 
JJ(F,k n ) s = U(oo) s for all s < t on a set n' t n having P(Of ) -> I. Then the 
result follows as before. 

Step 4. Now we assume r > 0. By (3.9) and the boundedness of q, we 
have 

E(\U t -U(m) t \ 2 | F) < KJ2 |AX s | 2r l { , AXs |< 1/m} 

as soon as m > 1/e. This goes to a.s. as m — > oo because of Assumption 

(H-r), and it follows that U(ra) ^—$11 (convergence in probability, locally 

uniformly in time). In the same way, we have U'{m) '— ^ U' . Therefore, it 
remains to prove that for all t,r) > 0, 

(8.34) lim limsupP(v / ^|^™("i)i| > rf) = 
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and the same for U ln (m). We will prove (8.34) only. Observe that, with 
the simplifying notation c™ = QA n and = C( i _ 1 )^ n , we have U n {m) = 

E5=i^(^i) n +E|=i V(m, j) n , where V(m,j)% = Y,iaj{ n , m ,t) C{m,j)f and, 
with J'(n, m,t) = {i:l<i< [t/A n ]} n J(n, m, t) c , 

F(m,l) t n = - ^ £ F(AF(m) s ,c s _,c s ), 

iS J' '(n,m,t) s&I(n,i) 

F(m,2)™ = - F(AI s ,c s _,c s ) 

0<s<fc„A n 

^ F(AI s ,c s _,c s ), 

[t/A n ]-fe„)A„<s<t 
C(m,l)? = (F(A"F(m),c(A :n ) l _ fcn _ 1 ,c(fc n ) i ) 

-F(ArF(m), c r,cn)i {ArFMI>Un} , 

C(m, 2)™ = F(A?F(m), cf , c?)l {A « F(m) | >Un} 
- £ F(AF(m).,cf,cP), 

sS/(n,i) 

C(m,3)?= ^ (F(AF(m) s ,cf,c™) - F(AF(m) s ,c s _,c s )). 

s£/(n,i) 

In view of (8.4) we are thus left to prove the existence of sets £l(n,m,t,j) 
and £l(n,m,t,j) satisfying for all m > 2/e, 

(8.35) lim P(0(n,m,i,j)) = l, lim P(0(n,m,t, j)) = 1, 

n— >oo n— >oo 

such that, for j = 1, 2 and j = 1,2,3, respectively, 

(8.36) lim limsup^Efe t JV(m,j)?\) = 0, 

(8.37) lim limsupy^E lni n , m ,t,j) Y] \C( m >j)i\ = °- 

m— >co n^oo \ J 

Step 5. In this step we prove (8.36). In view of the second part of (3.7) 
and of F(0, y,z) = and (8.3) we have when m > 1 /e, 

£ |F(AF(m) s ,c s _,c s )| <a(n,i) = K |AF(m),p\ 

s&I(n,i) sdl(n,i) 

Moreover, we have the following estimate, for all i possibly random but 
.Ty -measurable: 

(8.38) E(o(n,i) | F^) < KA n f >y{zf\(dz) < K/A n7m . 
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Since k n A n — > the set Cl(n, m, t, 2) = {D m n [0, k n A n ] = 0, D m n [t — (k n + 
l)A n , t] = 0} satisfies (8.35), and on this set we have | V(m, 2)™| < Yli=i °( n > + 
YlfL\t/'A~]-k a i n ^)- Then (8.36) for j = 2 readily follows from (8.38) and 
the property kf/ 2 A n < K [see (3.12)]. 

Now we consider the case j = 1. We have 1)™| < X^eJ'fn m t) a (■ n, 

The successive integers in J'(n,m,t) are J-^"^ -measurable, and the number 
of them is a Poisson variable independent of the a(n, z)'s and with some 
parameter a(m,t) (exploding with m). Then E(|V(m, 1)"|) < Ka(m,t)A n , 
and (8.36) for j = 1 holds with Cl(n,m,t, 1) = Cl. 

.S^ep 6. In this step we prove (8.37) for j = 1. The sets 

(8.39) fi(n,m,t,l)= Q {|A"F(m)| < 2/m, |A?X'(m)| < tt n /2}, 

i<[t/A„] 

satisfy the first part of (8.35) because |AY(m) s | < 1/m and P(|A"X'(m)| > 
«n/2) < K m A 2 n [use (8.9) for this]. When m > 2/e, (3.7) yields that 
|C( m > l)Tl — C( m ; 4)" on the set Cl(n, m, t, 1) and for all i < [t/A n ] where 

C(m, 4)? = tf|A?XV)r(ft*»)i-fc»-i " < n \ + \c{K)i - c? |). 

Then it remains to prove that (8.37) holds for j = 4 and f2(n, m, t, 4) = (7. 

Apply (8.17) with m = and S = (i — 1) A n or 5 = iA n [so $7(0, n, 5, z)± = 
Cl] to get 

(8.40) Ed^Av*)*-^-! - cf |) < E(|c(fc n )j - c?| | JJaJ < 



V ""n V "'n 

Moreover (8.9) gives E(\A?X" (m)\ r \ T {i _ 1)An ) < KA n -y m . Then by succes- 
sive conditioning we obtain E(£(m,4)™) < KA n ^ m j\fh^. Since 7 m — >• as 
m — )• oo we deduce (8.37). 

Step 7. Now we prove (8.37) for j = 3 with Cl(n, m,t, 3) = 0. We sup- 
pose that m > 1/e, so |AV(m) s | < e and (3.7) yields that |£(m, 3)™| < 
K(((m, 5)f + C(m,6)™) where 



C(m,5)?= ^ |AF(m) s nc s _- C f|, 

sS/(n,i) 

C(m,6)™= |AF(m) s r|cr-c s |. 

sG/(n,i) 

So it is enough to prove (8.37) for j = 5,6. The case j = 5 is simple: the 
process |c s _ — c^ n |l s> ( i „ 1 )A n is predictable; hence 

E(C(m,5)H = e( / / \c t --<?\\6(8,z)\ r t i (d8,dz) 

\Jl(n,i) J Am 
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= E(V ds f \c a --4 l \\8(s,z)\ r \(dz)\ 

\JI(n,i) J A m J 

< 7m f E(|c s _ - c[ n \)ds < KAi+" 7m , 
Jl(n,i) 

where the last inequality comes from (8.8) with m = and R = (i — 1)A„. 
Then (8.37) for j = 5 follows because A v n ^/K -> by (3.12). 

For j = 6 we use again (8.8) with m = and R = T P below to get 

E(C(m,6)n = ^E(|AF(m) Tp r|cr - PrJlj^oC^)) 
p>i 

<KAiY,n\m™)T P \ r i I{n ,i)( T p)) 
p>i 

<KA v Jl( £ \AY(m)A<KA l n +v lm 

and we conclude as above. 

Step 8. Now we start proving (8.37) for j = 2. Set 

C(m,7)? = F(A?F(m),cf , C -)l {A?F(m) | >Un} 

- £ F(AF(m)„ C f, C r)l {AF(m)s|>Un} . 

sS/(n,i) 

If m > 1/e, we deduce from (3.7) and the boundedness of q that 
|C(m,2)?-C(m,7)?|<if £ |AF(m) s |n {|AF(m)s| < M . 

sG-f (n,i) 

Therefore 

E(|C(m,2)"-C(m,7)?|)<KA n / 7 (^A(^) < KA^"^. 

J {z : -f(z)<u n } 

Taking (3.12) into consideration, we deduce that 

/[t/A„] \ 
lim E K(m,2)?-C(m,7)?| =0 

V t=l / 

and thus we are left to prove (8.37) for j = 7. 

Step 9. In this auxiliary step we fix m > 2/e, and also some I G (1, \/2rw) 
[this is possible by (3.12)]. We write q n = [(u n )~ l ] and we suppose that n 
is big enough for having l/q n < u n < 1/m. We complement notation (8.5) 
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with 

A' n = A m n(A qn ) c , Y t n = I I 5(s,z) f i(ds,dz), 




b n = , J 5(t,z)\(dz), ifr>l, B n = ! h n dS) 



0, ifr<l, J0 

(8.41) Y n = F(m) - Y n = X'(q n ) + X"(q n ) + B n , 

N? = rt[0,t] x A' n ), H(n,i) = ||A?F"| < ^-}n{A?N n < 1}. 
First, N n is a Poisson process with parameter X(A' n ) < K^ m q r n \ hence 

(8.42) P(A-iV ra > 2 | 4^i)aJ < ^A2" 2Wro 7m . 

Second, upon observing that A n q r n < K (because rim < 1) and < 7m 
when r > 1 and 6™ = if r < 1 , that 

(8.43) l>t E(|ArF"r|^:; )A J<JC(A^ + A^-) 7m) . 
This applied with t = 1 _2 I _ 7 V ~7p^ and Markov's inequality yield 

(8.44) P(|AfF n | > < A'A 2 . 

Next^on the set H(n,i), we have |A"F n | < u n /2 and |A™y n | < 1/m, and 
also |Ay(m) s | < u n for all s G I(n,i), except when AfN n = 1 for a single 
value of s for which AY(m) s = AfY n (whose absolute value may be smaller 
or greater than u n ). In other words, on H(n,i) we have 

C(m, 7)™ = (F(A™y n + A"y n , c^ n , c™)l|| A „ yn+A „y n | >ltji | 

-F(A^,cf, C Dl { | A n y „| >Un} ) 

X l{|A i "y' l |<l/m,|A l "F"|<« n /2}- 

The following estimate, when u E (0, 1/m) and y,z £ (0, M] for some M 
(this will be the bound of the process ct) and 6R with |x| < 1/m and 
<u/2, is easy to prove, upon using (3.7): 

\F{x + x ,y,z)l { \ x+x ,\ >u} - F(x,y,z)l { \ x \ >u} \ < K(\x\ p ~ 1 \x'\ + (\x\ Au) p ). 

Therefore, on the set H(n,i) again we have 

(8.45) |C(m, 7)2 1 < K ( | A™ Y n | p ~ 1 1 A"F n | + (|A™y n | A u n f). 

The process y n satisfies the same estimate as X"(m) in (8.10), hence 
since p>r, 

(8.46) E((|A?y»| A u n f | 4^i)aJ < ^A n <" r 7m < An+^Nm- 
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On the other hand, we can apply (8.43) with i = 2 and the Cauchy-Schwarz 

inequality to obtain E(| A?F n | | ^"Lj < Ky/A^. We also have \A?Y n \ < 

AfG(A' n ) [see before (8.12) for this notation], and AfG(A' n ) is ^"^measu- 
rable. Therefore, in view of (8.12) applied with the power (p-l)Vr and 
Holder's inequality, and upon applying (r V 1)(1 — (r — l) + lzn) > 1, and with 
the notation q = 1 A , we see that 

K(\A^Y n \ p - 1 \^Y n \) = E ( | F n | p_ 1 E( | A"F n | | jfcJ )An )) 

< ^x/A^EdA^y^lP- 1 ) < KAl/ 2+cl ^ m . 
Hence by (8.45) and (8.46), we deduce 

(8.47) E(|C(m, 7)?|l ff(n , ) < il 7 ^(A n +(p - r)ro + A^). 

Step 10. Now we are ready to prove the result for j = 7. We take 
f2(n,m,t,7) = Di<i<[t/A n ] H( n -> 0; which by (8.42) and (8.44) satisfies 

[t/A„] 

P(f](n,m,t,7) c )< £ F(H(n,iy)<KtAl- 2rl ™, 
i=i 

hence (8.35) because 2rlw < 1. Finally, 

/ [*/An] \ [t/A„] 

E UsiMj) E IC(m,7)?| ) < ^ E(|C(m,7)?|l H („,i)), 

V i=i / i=\ 

so (8.47) shows that (8.35) holds, provided the sequences An r ^Vk~n and 
An l ^ 2 \fkn ar e bounded. These amount to having 2{jp — r) > p and 2q — 1 > 
p, which are implied by (3.12). 

8.6. Proof of Theorem 3.3. Step 1. We assume Assumptions (H-r) and 
(K-v) and (8.3). Recalling (2.1)_ and (8.2), we set 5(t,z) = 
S(t, z)lj s , t x )gtAy u rgu z )=o}> anc ^ define X by (2.1) with 5 instead of 6. This 
process satisfies Assumption (H-r) as well, and coincides with X on the in- 
terval [0,t], in restriction to the set f^. Hence the variables U(F,k n )t and 
U(F)t and lit and lA' t are the same on , whether computed using X or 
X. So it is enough to prove the result for the process X. Or, in other words, 
we can assume throughout that 

(8.48) AI S G A \ {0} Aa s = identically. 

We use the same arguments as in the previous proof, and the same nota- 
tion, except that the variable £™ of (8.30) should be replaced by 

Q = ±(FZ 2 (AX Tp ,c Tp -,c Tp )K(k n ,p-) 2 



42 J. JACOD AND V. TODOROV 

+ F^(AX Tp , c Tp _ , c Tp )n{k n , P +) 2 

+ 2F 23 ( AX T P ,C Tp -,C Tp )K(k n ,p+)K(k n ,p-)) l{AX Tp ^0} 

and the same for Q'™ with wk n instead of k n . 
Step 2. In this step we prove that 

(8.49) {k n U n {m),k n U' n (m)) ^ (U(m),U'(m)), 

where U(m) and lA'{m) are as in (3.15), except that the sum is taken over 
the p E T m only. By Proposition 8.2, we have 

( E QHT P <t}, E C; n l{T p < <} ) ^ (U(m) t ,wU'(m) t ), 

so proving (8.31) shows that for each p E T m and on each set {T p < t} we 
have 

(8.50) w;-(;Ao, rfnC-c;Ao. 

We prove only the first property, which [like in Theorem 3.2; note that here 
F(AXt p ,ct p -,ct p ) = by (3.14) and (8.48)] amounts to the convergence of 

k n F(A r * {np) X,c(k n , P -),c(k n , P +)) 

~ U F 22( AX T P ,CT p -,C Tp )n(k n ,p-) 2 

+ 2F 23 (AX Tp ,C Tp -,C Tp )K(k n ,p+)K(k n ,p-) 

+ F 33 ( AX Tp , c Tp - , c Tp )«(fc n , p+f) 

to in probability. Upon using again (3.14) and (8.48), we deduce from 
Taylor's formula and the tightness of the sequences n(k n ,p±) that, on the 
set {AXt p E R} which has probability 1, the variables 

k n F(AX Tp , c(k n ,p-),c(k n ,p+)) 

- \{F^{AX Tp ,c Tp ,c Tp )K{k n ,p-) 2 

+ 2F 23 {AX Tp , C Tp , C Tp )K(k n , p-)«(fc n , p+) 
+ F 33 (AlT, , c Tp , C Tp )K(k n , p+) 2 ) 
go to in probability. Hence the first part of (8.50) will follow if we show 

k n (F(A? M X,c(k n ,p-),c(k n , P +)) - F(AX Tp ,c(k n ,p-),c(k n ,p+))) A 0. 
This is proved exactly as (8.33), except that here we use the property 

Step 3. The proof of (i) follows from (8.49) in exactly the same way as in 
Step 3 of the proof of Theorem 3.2. 
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4.3 



Step 4. Now we start proving (ii), so r > 0. We can suppose that A contains 
a neighborhood of 0; otherwise we are in the second situation of case (i). 
Hence we may take e > in (3.13) such that also [— e, e] C A. Similar to 
(3.16), and by the boundedness of c± and (3.13), we have if m > 1/e, 

E(\U t -U(m) t \ | JF) < A'^|AX,ri { | AXs |< 1/m} . 

s<t 

This goes to a.s. as m — > oo because of Assumption (H-r), so U(m) — ^ 
and also Li'{m) —^'U' . Then it remains to prove that for all t,r) > 0, 

(8.51) lim limsupP(A;„|L>(m)i| > rj) = 

and the same for U ln (m). We will prove (8.51) only. 

Because of our assumptions we have here U n {m) = U n (m). Then, in view 
of definition (8.25), and since the sets ft(n,m,t, 1) of (8.39) satisfy (8.35), it 
is enough to prove that 



(8.52) 




where 

C(m, 1)™ = F(AfF(m),c(A; n ) i _ fen _i,c(A; ri ) i )l {A „ F(m) | >Ure} . 

On Q(n,m,t,l), when m > 2/e, for all i < [t/A n ] we have |A"Y(m)| < e 
and also |A"F(m)| < 2|A"X // (m)| when further \A™Y(m)\ > u n . Then, us- 
ing (3.13) and a Taylor expansion around (A"Y(m),CjA n >CjA n )> and since 
F(x, y, y) = F^x, y, y) = F^(x, y, y) = for all x, y, we see that 

\((m,l)?\ < K(((m,2)f + C(m,3)2) on 0(n,m,t,l) and for i < [t/ A n ] , 

where 

C(m,2)? = \A?X"(m)\ r (\c(k n ) i - kn - 1 - c (i _ 1)A J 2 + \c(k n )i - c iA J 2 ), 

C(m,3)" = |A^"(m)nA^| 2 . 

Hence we are left to prove that, for j = 2, 3, we have 

/[</AJ \ 
(8.53) lim limsupfc n E V C(n» > j)?)=°- 

Step 5. On the one hand, successive conditioning, plus the third estimate 
in (8.9) with p = r, plus (8.17) with m = and q = 2, yield E(C(m, 2)f ) < 
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KAnjm/kn. Then (8.53) for j = 2 follows. For j = 3 we will prove the 
stronger statement, for m large enough, 

/[*/An] \ 

(8.54) lim&JEf CKi)n =0. 

Therefore, we fix m>2/e below. 

First, suppose that r < 1. Then X"(m) t = ^ s<i AX"(m) s , and since |x + 

JcT < \A r + W\ r and c * = c s- when AI(m)' s ' / 0~[recall m > 2/e and (8.48)], 
we have C(m,3)™ < £(m,4)™, where 

C(m,4)?= ^ |AF(m) s nc s _-c (i _ 1)A J 2 + £ |AF(m) s r|c lA „ -c s | 2 . 

s£/(n,i) s£l(n,i) 

Then exactly as in Step 7 of Theorem 3.2, and using (8.8) with p = 2 instead 
of p = 1, we obtain E(C(m,3)f) < ifA* +(2,;)A1 . Then (8.54) holds for j = 4, 
hence for j = 3, by (3.18). 

It remains to consider the case r > 1. We take I = 1/rzn, and we use the 
notation q n = [(u n )~ l ] and (8.41), which we complement as follows: 

Z(5) n = B n , Z(6) n = X"(q n ), Z(7) n = Y n , 

so X"(m) = FjJ=5 Z{j) n ', and we associate the variables 

C(m,j)r = |A^(i)r|Arc| 2 . 

It is thus enough to prove (8.54) when j = 5, 6, 7. First, we have | A"Z(5)"| < 

^l-Mr-l)^ and thug by (8 _ 8) we get E(C(mj 5) n) < KA r-(r-l)W ro +(2,)Al 

which equals iTAi +(2l,)A1 , and (8.54) for j = 5 holds by (3.18). Next, (8.9) ap- 
plied with q n instead of m implies that for any p > 2 we have E(| A™Z(6)| P ) < 

KpAn^ (use again rim = 1). Then by (8.8) and Holder's inequality we see 

that E(C(m,6)™) < KgA^ 2 ^ 6 for any 9 G (1/2, 1). Then again, upon tak- 
ing 8 close to 1, we have (8.54) for j = 6. 

Finally, we set Y(n,i)t = Yl(i~i)A n <s<t I^TI f° r * e I{n,i). Observe that 

|A?z(7)T<r(n,i)k= E ((n^^ + |Ay s n |) r -y(n,z)^_) 

sS/(n,i) 

<K J2 (\&Y S T + Y(n,iyrJ\AY s n \). 

Since |Ay n | < \AY(m)\, it follows that C(m, 7)™ < K(C(?n, 4)™ + C(m, 8)™ + 
C(m,9)f), where £(m, 4)™ is as in the case r < 1 and 

C(m,8)?= ^ r(n,i)J: 1 |A17»||c a _-c (i _ 1)ATl | 2 , 

sG/(n,i) 
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C(m,9)?= 2 F^^IA^II^-c,! 2 . 

sS/(n,i) 

We have seen that (8.54) is satisfied for j = 4 (this is irrespective of the 
value of r). For proving it for j = 8 and j = 9 we use the same argument as 
in Step 7 of Theorem 3.2 again, thus getting 

E(C(m,8)?)<7m / E(y(n,^: 1 |c,--C( 4 _i) A J 2 )^, 

J/(n,i) 

E(((m,9)n<M^ A1 E[ ^ F^^A^f) 
<KA^ A1 E( sup (y(n,i),) r Y 

v s<iA„ J 

Note that Y(n, i) has the same structure as X"(q n ) does in case r < 1, 
so although r > 1 here we have, as in the first part of the third estimate in 
(8.9), 

P > r => E( sup (Y(n, i) s f) < K p (^+^ lm + A p+r( P -i)/ ro) 



s<iA Tl 

<K p Af/ r . 

Applying (8.8) and Holder's inequality yields E(C(m,8)f) < K e A r n +{2v)Ae 
for any G (1/2, 1), whereas obviously E(C(m,9)f ) < K e Al +2v . Then (8.54) 
holds for j = 8 and j = 9. 



8.7. Proof of the results on the tests. 



Proof of Theorem 4.1. Theorems 3.1 and 3.3 yield that, in restric- 
tion to Qj^ , the variables k n U (F, k n )x/U (G, k n )x converge stably to a pos- 
itive variable V which, conditionally on J 7 , has mean 1. Hence if H C 
and with C n given by (4.6), we have limsup„P(C n nH) < P(Hn{V > 1/a}), 
which is smaller than aiP(H) because E(V | J 7 ) = 1, and the result for the 

F 

asymptotic level follows. Since k n U(F,k n )T/U(G,k n )T — > oo on the set 

(A j) 

Qj, by Theorem 3.1, the asymptotic power is clearly 1. □ 

Proof of Theorem 4.2. We will be very sketchy here. By localization 
we may assume (8.3). 

First, we can suppose that the simulated var iables V±{j) are defined 
on our auxiliary space (Q', 7-"', P'), so that the W(n,j)'s are defined on the 
extension (£l,J-,W). Then we can reproduce the proof of Theorem 4.4 of [6] 
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to obtain that, if Z n — > Z are ^-measurable variables, we have 
(8.55) P(i7(n, 1) > Z n | F) A P(Z7 T > Z \ F). 

The only slightly different point is that we need here K((c(k n )i) 2 | ^"(i-i)A n ) < 
K. This does not follow from (8.14), but it does from (8.17) applied with 
q = 2, because by hypothesis (8.15) holds. 

Then, using (8.55) and that k n ll (F, k n )j- Ut on the set Q^' d ^ , we can 
reproduce the proof of Theorem 5.1, Part (c), of [6], and we obtain the claim 
about the asymptotic level. In the course of this proof it is also shown that 
^-conditionally the variables U(\N n a\) converge in law to the unique variable 

Zia) such that ¥{JAt > Z{a) \ F) = a, from which U(\N n a\) ~^ Z(a) follows. 

Finally k n U (F, k n )x — > oo on Q,!^'^ . This and U^ nC ^ —> Z(a), yields 

that P(C n n Q^'^) — > P(fi^ lj '\ Hence the asymptotic power equals 1. □ 

Proof of Theorem 4.3. The proof is the same as for Theorem 4.1, 
with the following changes: we now have P(C n n H) — > aP(H) because 
k n U(F, k n )x converges stably in law on f^'^ to a chi-square variable with 
Nt degrees of freedom, independent of F, and N£ = Nt for n large enough. 
This gives that the asymptotic level is a, and for the asymptotic power we 
use the fact that k n U (F, /c„)t —> oo and Nt < oo on the set Q,^'^. □ 

Proof of Theorem 4.4. The result readily follows from the stable 
convergence in law of (S n — l)/\/Vn to a standard normal. □ 

Proof of Theorem 4.5. Since = V n for all n large enough, on the 

{A j) 

set Q T , only the claim about the power needs a proof. Now, — > 0, 

and we have the second part of (4.14) on O^ 4 '^; that the asymptotic power 
equals 1 is now obvious. □ 
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